Fundamental groups of curves in positive characteristic (Communications in Arithmetic Fundamental Groups) by Tamagawa, Akio
Title Fundamental groups of curves in positive characteristic(Communications in Arithmetic Fundamental Groups)
Author(s)Tamagawa, Akio




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Fundamental groups of curves in positive characteristic
AKIO TAMAGAWA ( )
RIMS, Kyoto Univ. ( )
ABSTRACT. We present some recent results (mainly of the author) concerning fun-
damental groups of curves over algebraically closed fields of positive characteristic.
\S 1. Main question (cf. $[\mathrm{H}2,4][\mathrm{T}3]$).
In this \S , we introduce our main question.
Throughout this article, we let $k$ denote an algebraically closed field of charac-
teristic $p>0$ , $X$ asmooth curve over $k$ , $X^{*}$ the smooth compactification of $X$
and $\Sigma=X^{*}-X\mathrm{d}\mathrm{e}\mathrm{f}$ . We define non-negative integers $g$ and $n$ to be the genus of the
proper, smooth curve $X^{*}$ and the cardinality of the point set $\Sigma$ , respectively. Note
that $X$ is hyperbolic (resp. affine, resp. projective) if and only if $2-2g-n<0$ ,
$\mathrm{i}.\mathrm{e}.$ , $(g, n)\neq(0, 0)$ , $(0, 1)$ , $(0, 2)$ , $(1, 0)$ (resp. $n>0$ , resp. $n=0$).
We denote by $k(X)^{\sim}$ the maximal separable algebraic extension of $k(X)$ in which
the discrete valuation ring $\mathcal{O}_{X,x}$ is unramified for all $x\in X$ , and by $k(X)^{\sim \mathrm{t}}$ the
maximal separable algebraic extension of $k(X)$ in which $\mathcal{O}_{X,x}$ is unramified for aU
$x\in X$ and at most tamely ramified for all $x\in\Sigma$ . Then, the fundamental group
$\pi_{1}(X)$ (resp. the tame fundamental group $\pi_{1}^{\mathrm{t}}(X)$ ) of $X$ is nothing but the Galois
group Gal(k(X)” $/k(X)$ ) (resp. Gal(k$(X)^{\sim \mathrm{t}}/k(X))$ ).
Definition.
(i) For a(discrete) group $\Gamma$ , we denote by $\Gamma^{\wedge}$ its profinite completion
$\mathrm{N}\triangleleft \mathrm{r},\lim_{(\Gamma\mathrm{N})<\infty}\Gamma/\mathrm{N}arrow$
.
(ii) For aprofinite group $G$ , we denote by $G^{p’}$ its maximal pr0-ptamet0-p quotient
$\lim_{arrow}$ $G/N$.
$N\triangleleft G$ closed, $p\uparrow(G:N)<\infty$
(iii) For non-negative integers $g$ and $n$ , we denote by $\Pi_{g,n}$ the topological funda-
mental group of acompact orientable surface of genus $g$ with $n$ points deleted.
More concretely,
$\Pi_{g,n}=\langle\alpha_{1}$ , $\ldots$ , $\alpha_{g}$ , $\beta_{1}$ , $\ldots$ , $\beta_{g},$ $\gamma_{1}$ , $\ldots$ , $\gamma_{n}|\alpha_{1}\beta_{1}\alpha_{1}^{-1}\beta_{1}^{-1}\ldots\alpha_{g}\beta_{g}\alpha_{g}^{-1}\beta_{g}^{-1}\gamma_{1}\ldots\gamma_{n}=1)$
In particular, if $n>0$ , $\Pi_{g,n}$ is afree group of rank $2g+n-1$ .
Typeset by $A\lambda \mathit{4}S\mathrm{I}\mathrm{E}\mathrm{K}$
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The following fact concerning $\pi_{1}(X)$ and 4(X) is more or less well-known:
Lemma.








(i) is an isomorphism $\Leftrightarrow n=0$ ,
(ii) is an $isomorphism\Leftrightarrow(g, n)=(0, 0)$ , $(0, 1)$ ,
and
(iii) is an isomorphism $\Leftrightarrow\{$
either $(g, n)=(0,0)$ , $(0, 1)$ , $(0, 2)$ ,
or $(g, n)=(1, 0)$ and $X$ is $supersingular|$,
Proof. Surjection (i) comes from the definitions of $\pi_{1}(X)$ and $\pi_{1}^{\mathrm{t}}(X)$ (or the above
descriptions of $\pi_{1}(X)$ and $\pi_{1}^{\mathrm{t}}(X)$ in terms of Galois groups). For surjections (ii)
and (iii), see [SGAI].
If $n=0$ , i.e., $X$ is projective, then the natural surjection $\pi_{1}(X)arrow\pi_{1}^{\mathrm{t}}(X)$ is an
isomorphism by definition. On the other hand, if $n>0$ , i.e., $X$ is affine, $\pi_{1}(X)$ is
not topologically finitely generated (as its maximal Pro-P quotient $\pi_{1}(X)^{p}$ is afree
pr0-p group of rank $|k|$ ), while $\pi_{1}^{\mathrm{t}}(X)$ is always topologically finitely generated as
aquotient of $(\Pi_{g,n})^{\wedge}$. Thus, in this case, (i) cannot be an isomorphism.
Next, if $(g, n)=(0, 0)$ , $(0, 1)$ , then we have $\Pi_{g,n}=\{1\}$ . Thus, in this case,
surjections (ii) and (iii) must be isomorphisms. If $(g, n)=(0, 2)$ (resp. $(g, n)=$
$(1, 0)$ and $X$ is supersingular), then $\pi_{1}^{\mathrm{t}}(X)$ coincides with $(\Pi_{g,n})^{\wedge}p’=\hat{\mathbb{Z}}^{p’}$ (resp.
$\hat{\mathbb{Z}}^{p’}\cross\hat{\mathbb{Z}}^{p’})$ . Thus, surjection (iii) is then an isomorphism.
On the other hand, assume that (ii) is an isomorphism. Then, the abelianizations
$(\Pi_{g,n})^{\wedge \mathrm{a}\mathrm{b}}$ and $\pi_{1}^{\mathrm{t}}(X)^{\mathrm{a}\mathrm{b}}$ are also isomorphic to each other. Observing the pr0-p parts,
we obtain $2g+n-1+b^{(2)}=\gamma$ , where $b^{(2)}$ denotes the second Betti number of
$X$ (i.e., $b^{(2)}=1$ for $n=0$ and $b^{(2)}=0$ for $n>0$ ), and $\gamma$ denotes the prank (or
Hasse-Witt invariant) of $X$ . Since $\gamma\leq g$ , this equality implies $(g, n)=(0, 0)$ , $(0, 1)$ .
Finally, assume that (iii) is an isomorphism, which implies that $\pi_{1}^{\mathrm{t}}(X)$ has a
trivial pr0-p-Sylow subgroup. If either $(g, n)=(0,0)$ , $(0, 1)$ , $(0, 2)$ , or $(g, n)=(1, 0)$
and $X$ is supersingular, nothing remains to be proved. If $(g, n)=(1, 0)$ and $X$ is
ordinary, then $\pi_{1}^{\mathrm{t}}(X)=\pi_{1}(X)$ is isomorphic to $\hat{\mathbb{Z}}^{p’}\cross\hat{\mathbb{Z}}^{p’}\cross \mathbb{Z}_{p}$ , hence its pr0-p
Sylow subgroup is non-trivial. Finally, if $(g, n)\neq(0,0)$ , $(0, 1)$ , $(0, 2)$ , $(1, 0)$ , i.e., $X$
is hyperbolic, then there exists atame covering $\mathrm{Y}arrow X$ such that the genus of $\mathrm{Y}^{*}$
is not less than 2. By [R1], Corollaire 4.3.2, $\pi_{1}(\mathrm{Y}^{*})$ has anon-trivial pr0-p-Sylow
subgroup. Since $\pi_{1}(\mathrm{Y}^{*})$ is asubquotient of $\pi_{1}^{\mathrm{t}}(X)$ , this implies that $\pi_{1}^{\mathrm{t}}(X)$ admits
anon-trivial pr0-p-Sylow subgroup. This completes the proof. $\square$
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Example.
The following are the only cases (for the present) in which we can describe $\pi_{1}(X)$
or $\pi_{1}^{\mathrm{t}}(X)$ explicitly.
(i) If (g,$n)=(0,$ 0), then we have
$\pi_{1}(X)=\pi_{1}^{\mathrm{t}}(X)=\{1\}$ .
(ii) If (g,$n)=(0,$ 1), then we have $\pi_{1}^{\mathrm{t}}(X)=$ {1}.
(iii) If (g,$n)=(0,$ 2), then we have
$\pi_{1}^{\mathrm{t}}(X)\simeq\hat{\mathbb{Z}}^{p’}$ .
(iv) If $(g, n)=(1,0)$ , then we have
$\pi_{1}(X)=\pi_{1}^{\mathrm{t}}(X)\simeq\{$
$\hat{\mathrm{z}}^{p’}\cross\hat{\mathbb{Z}}^{p’}\mathrm{x}\mathbb{Z}_{p}$ , $X$ :ordinary,
$\hat{\mathrm{Z}}^{p’}\mathrm{x}\hat{\mathrm{Z}}^{p’}$ , $X$ :supersingular.
Now, our main question is as follows.
Main question.
Exactly what information on the geometry of X does $\pi_{1}(X)$ (or $\pi_{1}^{\mathrm{t}}(X)$) carry 9
As for this question, the best situation we can expect is:
Hope.
Assume $k=\overline{\mathrm{F}}_{p}$ . (For general $k$ , see [T3].)
(i) $\pi_{1}(X)$ determines the isomorphism class of $X$ (as a scheme), unless $(g, n)=$
$(1,0)$ .
(ii) $\pi_{1}^{\mathrm{t}}(X)$ determines the isomorphism class of $X$ (as a scheme), unless $(g, n)=$
$(0,0)$ , $(0, 1)$ , $(1, 0)$ .
Remark (which shows that our problem is rather subtle).
(i) In characteristic 0, we have $\pi_{1}(X)=\pi_{1}^{\mathrm{t}}(X)\simeq(\Pi_{g,n})^{\wedge}$, which carries very little
information about $X$ .
(ii) Let $\pi A(X)$ denote the set of isomorphism classes of finite quotient groups of
$\pi_{1}(X)$ . Then, the Abhyankar conjecture (proved by Raynaud [R2] and Harbater
[H1] $)$ asserts that, if $n>0$ , we have
$\pi_{A}(X)=$ {G $|G^{p’}$ is generated by (at most) $2g+n$ -1 elements.}/\simeq .
Thus, in this case, $\pi A(X)$ carries very little information about $X$ .
(iii) The geometric Shafarevich conjecture (proved by Harbater [H3] and Pop [P])
asserts that the absolute Galois group $G_{k(X)}$ is afree profinite group of rank $|k|$ .
Thus, $G_{k}(X)arrow\sim$ ’which is an extension group of $\pi_{1}(X)$ , carries very little information
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52. Some results (which support our hope).
In this \S , we present some results which support our hope in the last \S .
Theorem 0.
(i) ([T1]) $\pi_{1}(X)$ determines $(g, n)$ .
(ii) ([T2]) $\pi_{1}^{\mathrm{t}}(X)$ determines $(g, n)$ , unless $(g, n)=(0,0)$ , $(0, 1)$ .
Theorem 1.
Assume $k=\mathrm{F}_{p}$ and $g=0$ .
(i) ([T1]) $\pi_{1}(X)$ determines the isomorphism class of $X$ (as a scheme).
(ii) ([T2]) $\pi_{1}^{\mathrm{t}}(X)$ determines the isomorphism class of $X$ (as a scheme), unless
$n=0,1$ .
Theorem 2([PS], [R4], [T4]).
Assume $k=\overline{\mathrm{F}}_{p}$ .
(i) $\pi_{1}(X)$ determines the isomorphism class of $X$ up to finite possibilities, unless
$(g, n)=(1,0)$ .
(ii) $\pi_{1}^{\mathrm{t}}(X)$ determines the isomorphism class of $X$ up to finite possibilities, unless
$(g, n)=(1,0)$ .
One of the main ingredients of the proofs of the above theorems is Raynaud’s
theory of theta divisors ([R1], cf. [R3], [M]).
\S 3. Applications.
In this \S , we present two applications of the results in the last \S .
Corollary to Theorem 1(ii) (Tamagawa, unwritten yet).
Let $L$ be a subfield of $\overline{\mathbb{Q}}$ , and assume that there exist infinitely many rational primes
$p$ , such that $I_{\overline{p}} \cap G_{L}\not\subset I\frac{\mathrm{w}}{p}$ holds for some prime $\overline{p}$ of $\overline{\mathbb{Q}}$ above $p$ . (Here, $I_{\overline{p}}$ (resp.
$I \frac{\mathrm{w}}{p})$ denotes the inertia subgroup (resp. the prO-p-Sylow subgroup of the inertia
subgroup) at $\overline{p}.$) Let $X$ be a smooth, hyperbolic curve over $L$ , and assume that the
smooth compactification of $X$ is of genus 0. Then, the outer Galois representation
$\rho$ : $G_{L}arrow \mathrm{O}\mathrm{u}\mathrm{t}(\pi_{1}(X_{\overline{\mathbb{Q}}}))$ determines the isomorphism class of $X$ as an L-scheme.
Corollary to Theorem 2(ii) ([T4]).
Let $F$ be a function field of one variable over a finite field of characteristic $p$ . Let $X$
be a smooth, hyperbolic curve over $F$ , and assume that $X$ is non-isotrivial. Let $\rho^{\mathrm{t}}$
denote the outer Galois representation $G_{F}arrow \mathrm{O}\mathrm{u}\mathrm{t}(\pi_{1}^{\mathrm{t}}(X_{\overline{F}}))$ . Then, for all primes
$P$ of $F$ , we have
$\mathrm{K}\mathrm{e}\mathrm{r}(\rho^{\mathrm{t}})\cap D_{P}\subset I_{P}^{\mathrm{w}}$.
(Here, $D_{P}$ (resp. $I_{P}^{\mathrm{w}}$) denotes the decomposition subgroup (resp. the prO-p-Sylow
subgroup of the inertia subgroup) at $P$ , defined up to conjugacy.)
Remark.
Let $F$ be an arbitrary field of characteristic $>0$ , and $X$ asmooth, affine curve over
$F$ . Then, the outer Galois representation $\rho$ : $G_{F}arrow \mathrm{O}\mathrm{u}\mathrm{t}(\pi_{1}(X_{\overline{F}}))$ is injective $(\mathrm{s}\mathrm{e}$
145
REFERENCES
[H1] D. Harbater, Abhyankar’s conjecture on Galois groups over curves, Invent. Math. 117
(1994), 1-25.
[H2] –, Galois groups with prescribed ramification, in Arithmetic geometry (Tempe,
1993), Contemp. Math., 174 (N. Childress and J. W. Jones, $\mathrm{e}\mathrm{d}\mathrm{s}.$), Amer. Math. Soc,
1994, pp. 35-60.
[H3] –, Fundamental groups and embedding problems in characteristic $\mathrm{P}$ , in Recent de
velopments in the inverse Galois problem (Seattle, 1993) (M. D. Fried, S. S. Abhyankar,
W. Feit, Y. Ihara and H. Voelklein, $\mathrm{e}\mathrm{d}\mathrm{s}.$), Contemp. Math., 186, Amer. Math. Soc, 1995,
pp. 353-369.
[H4] –, Bbndamental groups of curves in characteristic $p$ , in Proceedings of the Interna-
tional Congress of Mathematicians, Vol. 1, 2(Z\"urich, 1994), Birkhiuser, 1995, $\mathrm{p}\mathrm{p}$ . 656-
666.
[M] D. A. Madore, Theta divisors and the Frobenius morphism, in Courbes semi-stables et
groupe fondamental en g\’e)m\’etrie alg\’ebrique (Luminy, 1998) (J.-B. Bost, F. Loeser and
M. Raynaud, $\mathrm{e}\mathrm{d}\mathrm{s}.$), Progr. Math., 187, Birkh\"auser, 2000, pp. 279-289.
[P] F. Pop, \’Etale Galois covers of affine smooth curves, The geometric case of a conjecture
of Shafarevich, On Abhyankar’s conjecture, Invent. Math. 120 (1995), 555-578.
[PS] F. Pop and M. Saidi, On the specialization homomorphism of fundamental groups of
curves in positive characteristic, preprint.
[Rl M. Raynaud, Sections des fibris vectoriels sur une courbe, Bull. Soc. Math. France 110
(1982), 103-125.
[R2] –, Rev\^etemen& $de$ la droite affine en caractiristique $p>0$ et conjecture $d$ Abhyankar,
Invent. Math. 116 (1994), 425-462.
[R3] –, Revitements des courbes en caractiristique $p>0$ et $ord|.nar\dot{\mathrm{r}}t\acute{e}$ , Compositio
Math. 123 (2000), 73-88.
[R4 Sur le groupe fondamental $d$ ’une courbe compl\‘ete en $camct\text{\’{e}}\dot{m}$$tame$ $p>0$ ,
preprint.
[Tl A. Tamagawa, On the fundamental groups of curves over algebraically closed fields of
characteristic $>0$ , Internat. Math. Rae. Notices (1999), no. 16, 853-873.
[T2] –, On the tame fundamental groups of curves over algebraically closed fields of
characteristic $>0$ , preprint.
[T3] –, Fundamental groups and geometry of curves in positive characteristic, preprint
(to appear).
[T4] –, Finiteness of isomorphism classes of curves in positive characteristic with Pm-
scribed fundamental groups, in preparation.
[SGAI] A. Grothendieck and Mme. M. Raynaud, Revitements Stales et groupe fondamental,
Siminaire de $g\acute{e}om\acute{e}tr\dot{r}e$ $alg\acute{e}b_{1}\dot{s}que$ du Bois Marie 1960/61 $(SGA\mathit{1})$ , Lecture Notes in
Mathematics, 224, Springer-Verlag, 1971.
RESEARCH INSTITUTE F0R MATHEMATICAL sC1ENCES, Kyoto UNIVERSITY, Kyoto 606-
8502, JAPAN
$E$-mail address: tamagawa@kurims.kyoto u.ac.jp
146
